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Summary. The additive model is a semiparametric class of models that has become extremely popular because it is more
flexible than the linear model and can be fitted to high-dimensional data when fully nonparametric models become infeasible.
We consider the problem of simultaneous variable selection and parametric component identification using spline approxi-
mation aided by two smoothly clipped absolute deviation (SCAD) penalties. The advantage of our approach is that one can
automatically choose between additive models, partially linear additive models and linear models, in a single estimation step.
Simulation studies are used to illustrate our method, and we also present its applications to motif regression.
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1. Introduction
The additive model is commonly used for analysis of data
that provides a desirable trade-off between stringent linear
models and fully nonparametric models. In practice, how-
ever, we might have reasons to believe that only some of the
components are truly nonparametric, besides that many com-
ponents contain predictors unrelated to responses. For the
latter, several works have considered using penalization ap-
proaches to select significant components (Ravikumar et al.,
2008; Meier, Van de Geer, and Buhlmann, 2009; Xue, 2009;
Huang, Horowitz, and Wei, 2010). However, there are much
fewer studies that focus on the problem of how to identify the
parametric components automatically.

The partially linear additive models (PLAM) (Liang et al.,
2008; Liu, Wang, and Liang, 2011; Ma and Yang, 2011) can
be seen as a special case of additive models where both para-
metric and nonparametric components coexist. In Opsomer
and Ruppert (1999), the authors argued for the advantage of
PLAM, including that there is less worry of overfitting, that
they are more easily interpretable, and that the estimator is
more efficient for the parametric components. However, the
advantages of the partially linear models can only be realized
if the model is correctly specified, which is obviously not easy
to do in practice. Thus it would be a significant step forward
if one can perform variable selection, parametric component
identification, and estimation all at the same time.

Our study is motivated by a recent success story in predict-
ing gene expression from sequence information only (Beer and
Tavazoie, 2004). We are interested in a related but different
problem called “motif regression” in Meier et al. (2009). With
several “motif scores” calculated on a sequence, a regression
model is set up to predict the gene expression. However, it
is not clear whether the covariates have linear or nonlinear
effects on the responses, and maybe some of them have linear
effects while others have nonlinear effects.

In this article, we set out to study the possibility of achiev-
ing multiple goals simultaneously as discussed. We start by
specifying a general additive model. Using a double penaliza-
tion approach, where one penalty is used for variable selec-
tion and the other for parametric component identification,
we demonstrate that our approach can automatically produce
a PLAM that is correct with probability approaching one. Be-
sides, the estimator possesses the oracle property in the sense
that it is as efficient as the estimator when the true model is
known prior to statistical analysis.

We will apply the group smoothly clipped absolute devia-
tion (SCAD) penalization procedure to additive models. After
the introduction of lasso in Tibshirani (1996), the penaliza-
tion approach for variable selection has become increasingly
popular (Zou and Hastie, 2005; Zhao and Yu, 2006; Zhang
and Huang, 2008; Bickel, Ritov, and Tsybakov, 2009; Wu and
Liu, 2009; Yuan, Joseph, and Zou, 2009; Peng et al., 2010).
Furthermore, both SCAD penalty and adaptive lasso (Fan
and Li, 2001; Zou, 2006; Zhang and Lu, 2007; Wang, Li, and
Huang, 2008; Wang and Xia, 2009; Xie and Huang, 2009;
Huang, Horowitz, and Wei, 2010) were proposed to address
the consistency issues of the lasso. Unlike previous works on
the same model that only perform variable selection and es-
timation of the nonzero components, we adopt a double pe-
nalization framework that can also identify the linear compo-
nents. In the next section, we propose the double group SCAD
procedure, and present its theoretical properties. In particu-
lar, we show that the procedure can identify the true model
with probability approaching one, the usual one-dimensional
nonparametric convergence rate is achieved on the compo-
nent functions and furthermore the slope parameters for the
linear parametric components actually converge faster and are
asymptotically normal. These results show that our estima-
tor has the oracle property. We also propose to use Bayesian
information criterion (BIC; also adapted to our context that
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includes two penalty terms) to choose the regularization pa-
rameters. In Section 3, some simulations are carried out to
assess the performance of the proposed method and we also
apply the method to some real datasets as illustrations. The
technical proofs for the main theoretical results are provided
in the Appendix.

2. Methodology
2.1 Spline Estimator
At the start of the analysis, we do not know which component
functions are linear or actually zero and thus the following
general additive model is used initially:

Yi = μ +
p∑

j=1

fj (Xij ) + εi , i = 1, . . . , n, (1)

where (Yi ,Xi ) are independent and identically distributed
with the same distribution as (Y,X), X = (X1, . . . , Xp )T is
the p-dimensional predictor and εi is the noise with mean
zero and variance σ2.

We use polynomial splines to approximate the compo-
nents (de Boor, 2001). Without loss of generality, we assume
the distribution of Xj is supported on [0, 1] and also im-
pose the condition Efj (Xj ) = 0 for identifiability. Let τ0 =
0 < τ1 < · · · < τK ′ < 1 = τK ′+1 partition [0, 1] into subinter-
vals [τ k , τ k+1), k = 0, . . . , K′ with K′ internal knots. We
only restrict our attention to equally spaced knots although
data-driven choice can be considered such as putting knots
at certain sample quantiles of the observed covariate val-
ues. A polynomial spline of order q is a function whose re-
striction to each subinterval is a polynomial of degree q− 1
and is globally q− 2 times continuously differentiable on
[0, 1]. The collection of splines with a fixed sequence of
knots has a normalized B-spline basis {B1(x), . . . , BK̃ (x)}
with K̃ = K ′ + q. Because of the centering constraint Efj (Xj )
= 0, we instead focus on the subspace of spline func-
tions S0

j = {s : s =
∑K̃

k=1 bj k Bk (x),
∑n

i=1 s(Xij ) = 0} with ba-
sis {Bjk (x) = Bk (x) −∑n

i=1 Bk (Xij )/n, k = 1, . . . , K = K̃ −
1} (the subspace is K = K̃ − 1 dimensional due to the empiri-
cal version of the constraint). Using spline expansions, we can
approximate the components by fj (x) ≈ gj (x) =

∑
K
k=1bjkBjk (x).

Note that it is possible to specify different K for each com-
ponent but we assume they are the same for simplicity. In
this article, we will use ‖.‖ to denote both the L2 norm of the
function and the l2 (Euclidean) norm of a vector. Hopefully
this will not cause any confusion in contexts.

Our main goal is to identify both the insignificant com-
ponents (i.e., fj ≡ 0) and the linear components (i.e., fj is
a linear function). The former can be achieved by shrinking
‖gj ‖ = (

∫
g2
j (x)dx)

1/2 to zero. For the latter, we want to shrink
the second derivative ‖g′′j ‖ to zero instead. This suggests the
following minimization problem

(μ̂, b̂) = arg min
μ ,b

1
n

n∑
i=1

(
Yi − μ −

∑
j

∑
k

bj k Bjk (Xij )

)2

+
p∑

j=1

pλ 1 (‖gj ‖) +
p∑

j=1

pλ 2 (‖g′′
j ‖), (2)

where pλ 1 and pλ 2 are two penalties used to identify the
zero and the linear coefficients, respectively, with two reg-
ularization parameters λ1 and λ2, and gj = bT

j Bj with bj =
(bj 1, . . . , bj k )T , Bj = (Bj 1, . . . , BjK )T . The estimated compo-
nent functions are f̂j = b̂T

j Bj . Note that ‖gj ‖ and ‖g′′j ‖ can
be equivalently written as

√
bT

j Dj bj and
√

bT
j Ej bj , respec-

tively, with the (k, k′) entry of Dj being
∫ 1

0 Bjk (x)Bjk ′(x)dx

and the (k, k′) entry of Ej being
∫ 1

0 B ′′
j k (x)B ′′

j k ′(x)dx. However,

in the following we will take Ej = K−4
∫ 1

0 B ′′
j k (x)B ′′

j k ′(x)dx af-
ter appropriate normalization. Penalizing the second deriva-
tive is commonly used in smoothing spline estimation
(Wahba, 1990) as well as functional linear regression (Ramsay
and Silverman, 2005). However, the purpose there is to en-
courage smoothness of the estimated nonparametric function
and no model selection as we aim for here can be achieved.
Accordingly, in smoothing spline literature the square of ‖g′′j ‖
is used as penalty, which is quite different from using SCAD
penalty as done here. Finally, we mention that in Ni, Zhang,
and Zhang (2009), for partially linear models, the authors
also used a double penalization strategy with one penalty for
sparsity in the linear part and the other for smoothness of the
nonparametric component. This is also different from our aim
here, which is to identify the nonparametric and parametric
components starting from a model where all components are
nonparametric initially.

It is easy to see that the estimator for the intercept term
μ is given by Y =

∑n

i=1 Yi/n. By defining

Zj =

⎛⎜⎜⎜⎝
Bj 1(X1j ) Bj 2(X1j ) · · · BjK (X1j )

...
...

...
...

Bj 1(Xn j ) Bj 2(Xn j ) · · · BjK (Xn j )

⎞⎟⎟⎟⎠
n×K

,

Z = (Z1, . . . ,Zp ), and Y = (Y1 − Y , . . . , Yn − Y )T , the above
can be written in matrix from as

b̂ = arg min
b

1
n
‖Y − Zb‖2 +

p∑
j=1

pλ 1 (‖gj ‖) +
p∑

j=1

pλ 2 (‖g′′
j ‖).

(3)

For later use we denote the objective function on the right-
hand side above as Q(b). There are more than one way to
specify the penalty functions and here we only focus on the
SCAD penalty function (Fan and Li, 2001), defined by its first
derivative

p′
λ (x) = λ

{
I(x � λ) +

(aλ − x)+

(a − 1)λ
I(x > λ)

}
,

with a > 2 and pλ (0) = 0. We will use a = 3.7 as suggested in
Fan and Li (2001). Other choices of penalty, such as adaptive
lasso (Zou, 2006) or minimax concave penalty (Zhang, 2010),
are expected to produce similar results in both theory and
practice.

2.2 Local Quadratic Approximation
Following Fan and Li (2001) and Wang et al. (2008), we use
an iterative local quadratic approximation algorithm to find
the minimum of (3). Using a simple Taylor expansion, given
an initial estimate b(0)

j (equivalently given g(0)
j ), if ||g(0)

j || > 0
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and ||g(0)′′
j || > 0, we approximate the regularization terms by

pλ 1 (||gj ||) ≈ pλ 1

(∣∣∣∣g(0)
j

∣∣∣∣)+
1
2

p′
λ 1

(∣∣∣∣g(0)
j

∣∣∣∣)
||g(0)

j ||
{
||gj ||2 −

∣∣∣∣g(0)
j

∣∣∣∣2},

and

pλ 2 (||g
′′
j ||) ≈ pλ 2

(∣∣∣∣g(0)′′
j

∣∣∣∣)
+

1
2

p′
λ 2

(∣∣∣∣g(0)′′
j

∣∣∣∣)∣∣∣∣g(0)′′
j

∣∣∣∣ {∣∣∣∣g ′′
j

∣∣∣∣2 − ∣∣∣∣g(0)′′
j

∣∣∣∣2}.

After removing some irrelevant terms, the criterion becomes

Q(b) ≈ 1
n
||Y − Zb||2 +

1
2
bT (Ω1 + Ω2)b, (4)

for two pK × pK matrices Ω1 and Ω2 defined by

Ω1 = diag

(
p′

λ 1

(∣∣∣∣g(0)
1

∣∣∣∣)∣∣∣∣g(0)
1

∣∣∣∣ D1, . . . ,
p′

λ 1

(∣∣∣∣g(0)
p

∣∣∣∣)∣∣∣∣g(0)
p

∣∣∣∣ Dp

)
,

and

Ω2 = diag

(
p′

λ 2

(∣∣∣∣g(0)′′
1

∣∣∣∣)∣∣∣∣g(0)′′
1

∣∣∣∣ E1, . . . ,
p′

λ 2

(∣∣∣∣g(0)′′
p

∣∣∣∣)∣∣∣∣g(0)′′
p

∣∣∣∣ Ep

)
.

Note that (4) is a quadratic function and thus there exists a
closed-form solution.

The algorithm repeatedly solves the minimization criterion
(4) and updates b(m ) to b(m +1), m = 0, 1, . . . , until conver-
gence. That is, in the mth iteration, we solve (4), where Ω1

and Ω2 are as defined above but with g(0)
j replaced by the cur-

rent estimate g
(m )
j = b(m )T

j Bj . The solution obtained from (4)

is the new estimate b(m +1)
j . If some ||g(m)

j || or ||g(m)′′
j || falls be-

low a threshold ε > 0 (we set ε = 10−6 in our implementation),
we take it to be zero.

The standard errors for the estimated nonzero linear pa-
rameters can be obtained directly by the sandwich formula,
as suggested by Fan and Li (2001). The covariance of b̂ is
estimated by

(ZT Z + n(Ω1 + Ω2))−1ZT Ĉov(Y)Z(ZT Z + n(Ω1 + Ω2))−1,

(5)

where Ω1, Ω2 are as defined previously but with initial esti-
mates g(0)

j there replaced by the estimates of the component

functions after convergence is reached, and Ĉov(Y) is the es-
timate of variance based on empirical residuals from the fit-
ted model. The above sandwich formula will be shown in our
simulation study to have good accuracy for moderate sample
sizes.

Finally, we note that if ||f̂ ′′
j || = 0, then f̂j is a linear function

and implicitly we actually get an estimate β̂j for the slope
parameter.

2.3 Tuning Parameter Selection
In practice, to achieve good numerical performances, we need
to choose several parameters appropriately. We fix the spline
order to be q = 4, that is we use cubic splines in all our
numerical examples. For the number of basis K, we first fit
the additive model without any penalization and use 10-fold

crossvalidation to select K. With K determined, we propose
to use a BIC-type criterion to select the regularization pa-
rameters λ1 and λ2 simultaneously. In our context, a natural
BIC-type criterion is defined by

BICλ = log
{ 1

n
||Y − Zb̂λ ||2

}
+ d1

log n

n
+ d2

log(n/K)
n/K

,

where b̂λ is the regularized estimate when λ = (λ1, λ2) is used
as the smoothing parameters, d1 is the number of components
estimated as parametric and d2 is the number of components
estimated as nonparametric. Thus the nonparametric com-
ponents and the parametric components are penalized differ-
ently. The factor n/K for the nonparametric components is
because in nonparametric problems it can be regarded as the
effective sample size. Related to this, for kernel regression in
varying-coefficient models, Wang and Xia (2009) used nh as
the effective sample size in their definition of the BIC crite-
rion, where h is the bandwidth in the kernel. The BIC-type
criterion defined above will be shown to work well in our nu-
merical examples.

2.4 Asymptotic Results
For convenience, we assume that fj is truly nonparametric for
1 � j � p1, is linear for p1 + 1 � j � s = p1 + p2 and zero
for s + 1 � j � p. The true components are denoted by f0j ,
1 � j � p and the true slope parameters for the parametric
components are denoted by β0 = (β0,p 1+1, . . . , β0s )T .

Let X(1) = (X1, . . . , Xp 1 )
T and X(2) = (Xp 1+1, . . . , Xs )T .

Let A denote the subspace of functions on Rp 1 that take an
additive form

A =
{
h
(
x(1)
)

: h
(
x(1)
)

= h1(x1) + · · · + hp 1 (xp 1 ),

Ehj (Xj )2 < ∞ and Ehj (Xj ) = 0
}
,

and for any random variable W with E(W2) < ∞, let EA(W )
denote the projection of W onto A in the sense that

E{(W − EA(W ))(W − EA(W ))}
= infh∈A E

{(
W − h

(
X(1)

))(
W − h

(
X(1)

))}
.

Definition of EA(W ) trivially extends to the case where W is
a random vector by component-wise projection.

Let h(X(1)) = EA(X(2)). Because h(X(1)) is the projection
of X(2) onto the space of functions with an additive form,
each component of h(X(1)) = (h(1)(X(1)), . . . , h(p 2)(X(1)))T can
be written in the form h(s)(x) =

∑p 1
j=1 h(s)j (xj ) for some h(s)j ∈

S0
j . Denote Σ = E{(X(2) − h(X(1)))(X(2) − h(X(1)))T }. It was

shown in Li (2000) that the positive definiteness of Σ is nec-
essary for the identifiability of the model.

The following standard regularity assumptions are used.

(A1) The covariate vector X has a continuous density sup-
ported on [0, 1]p . Furthermore, the marginal densities
for Xj , 1 � j � p are all bounded from below and above
by two fixed positive constants, respectively.

(A2) The noises εi are independent of covariates, have mean
zero and variance σ2.

(A3) Efj (Xj ) = 0, 1 � j � s. fj (x) is linear in x for p1 + 1 �
j � s, and fj ≡ 0 for j > s.

(A4) For g = fj , 1 � j � p1 or g = h(s)j , 1 � s � p2, 1 �
j � p1, g satisfies a Lipschitz condition of order d >
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1/2: |g(
d�)(t)− g(
d�)(s)| � C|s− t|d −
d�, where 
d� is the
biggest integer strictly smaller than d and g(
d�) is the

d�th derivative of g. The order of the B-spline used
satisfies q � d + 2.

(A5) The matrix Σ is positive definite.

All of the assumptions above are standard in the literature
and in particular similar to those in Li (2000) and Huang,
Horowitz, and Wei (2010). Assumptions (A3) and (A5) are
necessary for the identifiability of the model. Assumption
(A4) guarantees that the functions can be well approximated
by polynomial splines.

Theorem 1: Assume (A1)–(A4), and that K → ∞,
K/n → 0, λ1, λ2 → 0, we have the rate of convergence

||f0j − f̂j ||2 = O(K/n + 1/K2d ), 1 � j � p,

where f̂j = b̂T
j Bj is the estimated component function.

The next theorem shows that when λ1, λ2 are appropri-
ately specified, we can identify the true PLAM with high
probability.

Theorem 2: In addition to the assumptions in Theorem 1,
we assume ((K/n)1/2 + K−d )−1min {λ1, λ2} → ∞. Then with
probability approaching 1,

(a) f̂j ≡ 0, s + 1 � j � p,
(b) f̂j is a linear function for p1 + 1 � j � s.

Finally, we show that for the linear components, the esti-
mator for the slope parameter is asymptotically normal (this
estimator β̂j is implicitly defined by f̂j when f̂j represents
a linear function). We note that the asymptotic variance is
the same as the estimate obtained when the true model is
known beforehand, thus our estimator has the so-called oracle
property.

Theorem 3 (Asymptotic Normality): Under the same set
of assumptions as in Theorem 2, together with (A5) and that√

n/K2d → 0, we have
√

n(β̂ − β0) → N (0, σ2Σ−1) in distribu-
tion.

Remark 1: From the convergence rate in Theorem 1,
where the first term represents the stochastic error and the
second term represents the approximation error, it is easily
seen that K ∼ n1/ (2d+1) is the optimal choice of K. Using
this theoretically optimal value of K, we see the assumption
((K/n)1/2 + K−d )min {λ1, λ2} → ∞ in Theorem 2 becomes
nd/ (2d+1)λ1 → ∞, nd/ (2d+1)λ2 → ∞. Furthermore,

√
n/K2d → 0

in Theorem 3 is satisfied with K ∼ n1/ (2d+1) as soon as d >
1/2.

3. Numerical Examples
3.1 Simulation Studies
We generate data from the model

Yi =
p∑

j=1

fj (Xij ) + εi ,

with f1(x) = sin (2πx)/(2− sin (2πx)), f2(x) = 4x(1− x),
f3(x) = 2x, f4(x) = x, f5(x) = −x, and p = 10 so that five
components are actually zero.

Thus, the number of nonlinear components is p1 = 2 and the
number of linear components is p2 = 3. To generate covariates,
we first let Xij be marginally standard normal with correla-
tions given by Cov(Xij1 , Xij2 ) = (1/2)|j1−j2|, and then apply
the cumulative distribution function of the standard normal
distribution to transform Xij to be marginally uniform on [0,
1]. The noises are generated from mean zero normal distribu-
tion with standard deviation σ. We consider sample sizes n
= 80, 150 and noise levels σ = 0.1, 0.3, resulting in four sce-
narios. The two noise levels give signal to noise ratio of about
9 : 1 and 3 : 1, respectively, with signal to noise ratio defined by
standard deviation of the true regression function over that of
the noise. For comparison, we compute the oracle estimator
where we fit the true PLAM with five component functions,
we also compute the sparse additive model where only the
first penalty is used (and thus parametric components cannot
be identified). For the oracle estimator we also use 10-fold
crossvalidation to select K. During the review process, a ref-
eree raised the interesting question of whether an estimator
that sequentially detects zero components and linear compo-
nents performs as well as our simultaneous approach. Thus
we also include this comparison with the sequential estima-
tion procedure, where in the first stage only the first penalty
in (2) is added, which removes the zero components, and in a
second stage the second penalty in (2) is used to identify the
partially linear structure.

For all four scenarios, 300 datasets are generated and the
results are summarized in Tables 1 and 2. In Table 1, we show
the model selection results for our doubly penalized estima-
tor together with those for the sparse additive model with one
single SCAD penalty and the sequential approach. In the ta-
ble, under “PLAM” for each scenario, the first line shows the
results for the doubly penalized estimator, while the second
line shows the result of the sequential estimator. The standard
errors reported are the sample standard deviations computed
from the 300 replications. This demonstrates the good perfor-
mance of BIC for tuning parameter selection. In terms of iden-
tifying the significant variables, the three methods perform
similarly. However, the sparse additive model cannot detect
the parametric components. We also see that the sequential
method is inferior to doubly penalized estimator, with more
linear components incorrectly incorporated into the nonpara-
metric part.

In Table 2, we present the root mean squared errors for
the first six component functions (note the sixth component
is actually zero), which is defined by

rmse =

√√√√ 1
T

T∑
i=1

(f̂j (ti ) − fj (ti ))2,

on a fine grid (t1, . . . , tT ) consisting of 500 points equally
spaced on [0, 1]. On the nonparametric components (f1 and
f2), the errors for doubly penalized estimator, the sequential
estimator and the sparse additive estimator are all similar.
On the other hand, for the truly linear components, our dou-
bly penalized estimators have obvious advantages, with rmse
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Table 1
Model selection results for different estimators, using BIC for model selection. NV: average number of variables selected; NVT:

average number of variables selected that are truly significant; NN: average number of nonlinear components selected; NNT:
average number of nonlinear components selected that are truly nonlinear; NL: average number of linear components selected;

NLT: average number of linear components selected that are truly linear. The numbers after “±” are the corresponding standard
errors. For PLAM, results for both doubly penalized estimator (first line under each scenario) and sequential estimator (second

line) are reported

Sparse additive PLAM

NV NVT NN NNT NL NLT

n = 80 σ = 0.1 5.28 ± 0.76 5 ± 0 2.65 ± 0.80 2 ± 0 2.65 ± 1.08 2.60 ± 0.73
3.45 ± 1.70 2 ± 0 1.84 ± 1.30 1.81 ± 1.27

n = 80 σ = 0.3 6.34 ± 1.63 5 ± 0 3.24 ± 2.14 2 ± 0 2.90 ± 1.56 2.85 ± 1.19
5.18 ± 2.41 2 ± 0 1.15 ± 1.50 1.02 ± 1.21

n = 150 σ = 0.1 4.95 ± 0.27 4.93 ± 0.22 2.19 ± 0.49 2 ± 0 2.88 ± 0.55 2.82 ± 0.47
2.34 ± 0.75 2 ± 0 2.61 ± 0.74 2.60 ± 0.74

n = 150 σ = 0.3 5.18 ± 0.47 5 ± 0 2.56 ± 0.84 2 ± 0 2.74 ± 1.04 2.60 ± 0.73
2.98 ± 1.11 2 ± 0 2.19 ± 1.04 2.12 ± 0.95

about 40 ∼ 50% smaller than that for the sparse additive
model, and also smaller than the sequential estimator.

We now test the accuracy of the standard error formula
for the linear part. Table 3 presents the results for the three
linear coefficients. The sample standard deviation of the esti-
mated coefficients in the 300 simulations can be regarded as
the benchmark (indicated by SD in the table). The average of
the 300 estimated SDs based on (5) is shown under the col-
umn indicated by “SE.” When calculating SDs and SEs, the
cases where the components are incorrectly identified as non-
parametric are discarded. Table 3 suggests that the sandwich

formula performs reasonably well, with an underestimation
bias.

3.2 Motif Regression
Gene expressions are regulated by transcription factors (TF)
binding to the sequence elements at the upstream of genes.
Toward decoding this regulatory mechanism, Beer and Tava-
zoie (2004) raised an interesting and very challenging ques-
tion about whether gene expression can be predicted from
the gene’s upstream sequence. They made the first attempt
to answer this question by first clustering genes into a small

Table 2
Root mean squared errors for f1, . . . , f6. The numbers after ± are the corresponding standard errors estimated from 300 Monte

Carlo replications

Oracle Simultaneous Sequential Sparse additive

n = 80 f1 7.90 ± 0.63 8.09 ± 0.74 8.07 ± 0.69 7.98 ± 0.63
σ = 0.1 f2 3.12 ± 1.04 3.41 ± 1.01 3.39 ± 0.99 3.41 ± 1.14

f3 1.49 ± 1.34 1.48 ± 1.15 2.10 ± 1.64 3.04 ± 1.32
f4 1.38 ± 0.99 1.56 ± 1.09 1.93 ± 1.48 3.07 ± 1.32
f5 1.42 ± 1.23 1.43 ± 1.11 1.84 ± 1.43 3.00 ± 1.17
f6 0 ± 0 0.13 ± 0.59 0.26 ± 1.16 0.17 ± 0.78

n = 80 f1 9.92 ± 1.91 11.1 ± 2.74 10.9 ± 2.32 10.7 ± 2.15
σ = 0.3 f2 6.98 ± 2.40 7.43 ± 3.04 7.57 ± 2.99 8.22 ± 3.07

f3 2.75 ± 2.33 4.82 ± 3.27 6.21 ± 3.81 7.91 ± 2.97
f4 3.04 ± 2.33 5.21 ± 3.60 6.77 ± 4.05 8.30 ± 3.31
f5 2.93 ± 2.09 5.22 ± 3.17 6.67 ± 4.12 8.38 ± 3.23
f6 0 ± 0 1.24 ± 2.90 2.65 ± 4.84 2.12 ± 4.07

n = 150 f1 7.56 ± 0.33 7.64 ± 0.45 7.69 ± 0.42 7.58 ± 0.35
σ = 0.1 f2 2.49 ± 0.56 2.74 ± 0.66 2.64 ± 0.62 2.52 ± 0.57

f3 0.88 ± 0.74 0.89 ± 0.64 1.00 ± 0.76 1.80 ± 0.83
f4 0.92 ± 0.73 0.93 ± 0.75 0.99 ± 0.82 1.81 ± 0.88
f5 0.90 ± 0.71 0.90 ± 0.70 0.96 ± 0.75 1.83 ± 0.77
f6 0 ± 0 0.03 ± 0.22 0 ± 0 0 ± 0

n = 150 f1 8.91 ± 1.25 9.41 ± 1.56 9.51 ± 1.50 9.43 ± 1.26
σ = 0.3 f2 4.92 ± 1.72 5.07 ± 1.63 4.97 ± 1.52 5.36 ± 1.94

f3 2.20 ± 1.70 2.54 ± 1.73 2.81 ± 2.07 4.80 ± 1.88
f4 2.24 ± 1.65 2.61 ± 2.03 2.79 ± 2.20 5.03 ± 2.06
f5 2.12 ± 1.54 2.68 ± 1.95 2.85 ± 2.04 5.21 ± 2.11
f6 0 ± 0 0.22 ± 0.99 0.30 ± 1.45 0.14 ± 0.83
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Table 3
Standard deviations of our estimator for the coefficients of the
three linear components. SE denotes the estimated standard
deviation based on sandwich formula, while SD denotes the

standard deviation estimated from the 300 Monte Carlo
replicates

f3 f4 f5

SE SD SE SD SE SD

n = 80, σ = 0.1 0.047 0.050 0.049 0.058 0.045 0.046
n = 80, σ = 0.3 0.149 0.171 0.148 0.173 0.126 0.146
n = 150, σ = 0.1 0.034 0.033 0.034 0.035 0.035 0.042
n = 150, σ = 0.3 0.094 0.101 0.090 0.092 0.092 0.098

number of clusters with similar expression patterns under var-
ious experimental conditions, and then using the presence or
absence of discovered motifs in the sequence to predict the
cluster membership of other genes. Because of the clustering,
their prediction problem is discrete in nature and thus they
adopted a Bayesian network for training and prediction.

Here we instead focus on the related motif regression prob-
lem, where we are directly interested in using motifs in the
sequence to predict gene expression levels in microarray ex-
periments, instead of looking at a finite number of typical
expression patterns. More specifically, a motif score is cal-
culated based on sequence information which represents the
certainty that a motif appears in the sequence, because a “mo-
tif” is mathematically a position weight matrix representing
a probabilistic model. Using scores of multiple motifs to pre-
dict expression level is thus a regression problem. Because
this problem is not well investigated in the literature, it is
reasonable to try a general additive model rather than a lin-
ear model to make the statistical analysis less constrained, as
was done in Meier et al. (2009). However, such general ad-
ditive models with more than just a couple of motif scores
still cause the healthy skepticism of overfitting. In particular,
one would wonder whether prediction can be improved using
a partially linear structure.

We use the ChIP-chip data from Lee et al. (2002), which
was also used in Hong et al. (2005). However, unlike here
the main goal in those studies was to find the TF motifs.
Recall that a ChIP-chip experiment uses chromatin immuno-
precipitation (ChIP), followed by the detection of enriched
fragments using DNA microarray hybridization, to determine
the genomic-binding location of TF. Forty datasets, each con-
taining genes targeted by one TF in Saccharomyces cerevisiae,
have been obtained using ChIP-chip P-value 0.001 as the cut-
off in the study of Hong et al. (2005). The sizes of these
datasets range from 25 to 176 genes. For each gene, its pro-
moter sequence is taken up to 800 bps upstream, but not
overlapping with the previous gene. This results in between
25 and 176 positive sequences for different TFs. On the other
hand, negative sequences were selected as those with ChIP-
chip ratio � 1 and ChIP-chip P-value � 0.05, producing sev-
eral thousand negative sequences for each TF.

For each TF, using the algorithm W-AlignACE (Chen
et al., 2008), we obtain a candidate list of 10 motifs that
are potentially predictive of expression levels. For each (se-

Table 4
Prediction errors for the 24 TFs, comparing three estimators

Our Sparse Sparse
TF #seq estimator additive linear

ABF1 176 4.25 4.46 5.73
ACE2 46 0.77 0.86 1.61
BAS1 31 1.01 0.90 1.84
CAD1 27 0.62 0.57 0.68
CBF1 28 1.53 1.40 1.91
DIG1 35 1.22 1.16 2.88
FHL1 124 3.86 3.87 4.38
FKH2 72 2.53 2.70 4.98
GAL4 25 3.03 3.94 6.10
GCN4 56 3.96 4.15 5.35
HAP4 42 0.86 0.80 0.99
HSF1 33 2.70 2.95 4.34
MBP1 74 0.76 0.97 0.62
MCM1 58 2.13 2.15 1.76
NDD1 66 2.09 2.21 2.59
RAP1 127 1.97 2.14 3.28
REB1 89 0.92 0.89 1.06
STE12 54 2.72 2.91 3.42
SUM1 41 0.82 1.05 0.81
SWI4 90 3.03 3.62 4.07
SWI5 72 0.89 1.15 1.24
SWI6 65 0.28 0.37 0.33
YAP1 35 1.49 1.66 2.02
YAP5 55 4.74 4.35 4.68

Note: The smallest prediction errors are presented in boldface.

quence, motif) pair, we also obtain a score xij that represents
how well the sequence matches the motif as in Conlon et al.
(2003). For our study, we use only 24 datasets (24 TFs) for
which W-AlignACE can find the true motif as in Chen et al.
(2008), and we randomly selected the same number of nega-
tive sequences as the number of positive sequences. Half of the
sequences (positive and negative combined) are used for train-
ing and predictions of binding intensities are made on the rest.
The prediction errors for these 24 TFs are shown in Table 4,
where we also listed the number of positive sequences in each
dataset. Three estimators are compared in terms of prediction
errors. These include our estimator, the sparse additive esti-
mator where only one penalty is used, and a linear model with
SCAD penalty (Fan and Li, 2001). It is seen that the nonpara-
metric methods perform better than the linear method and
our estimator is the best, achieving the smallest prediction
error among the three estimators for 14 out of 24 datasets.

4. Conclusion
In previous studies on PLAM, the specification of the model is
mainly based on prior domain knowledge, which is not always
easy to obtain. One reasonable strategy is to put discrete co-
variates in the linear part. However, this does not apply to our
expression prediction study because all predictors, the motif
scores, are continuous and separation of parametric and non-
parametric part cannot be guided by domain knowledge. We
successfully used a novel penalization term that can help us
identify the parametric part automatically, and in a princi-
pled way. When variable selection is also desired as in our
case, the usual group penalty is added resulting in a doubly
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penalized model. We also show that this double penalization
strategy performs better than sequentially detecting zero and
parametric components in two steps. By correctly identifying
the partially linear structure, the resulting model is shown
to be more accurate in predicting gene expressions based on
sequence information.

After the first round of review, it was brought to our at-
tention by one of the referees that at least two papers have
addressed similar problems. In Zhang, Cheng, and Liu (2011),
the authors used smoothing splines to decompose a nonpara-
metric component into a linear part and another part orthogo-
nal to it. However, they did not satisfactorily demonstrate the
model identification consistency of their approach due to the
difficulty in dealing with smoothing splines (they only proved
consistency for the special case where the nonparametric com-
ponents are periodic functions and conjectured that it is gen-
erally true). They also did not show asymptotic normality
of the linear part. In terms of computation, using smoothing
splines the number of basis coefficients is proportional to the
sample size, while for polynomial splines the number of ba-
sis coefficients is proportional to K, which is typically chosen
to be less than 10 in the literature. Thus use of polynomial
splines might have advantages for large datasets, although a
detailed comparison is out of the scope of the current arti-
cle. Finally, they used the Boston housing data to illustrate
the method while our application is related to biostatistics.
In Huang, Wei, and Ma (2010), the authors used truncated
power basis functions to approximate the nonlinear compo-
nents; however, no variable selection is performed. They used
the minimax concave penalty instead of the SCAD penalty.
We expect the theoretical and empirical properties of using
these two penalties would be similar. The use of B-splines in
our current study makes the theoretical investigations more
tractable and also our penalization of the second derivatives
seems a natural approach to shrinkage toward linear func-
tions. In particular, other series expansion approaches could
be easily implemented by adopting the strategy of penalizing
second derivatives.
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Appendix

In the proofs, C denotes a generic constant that might assume
different values at different places. We first note that, based
on well-known properties of B-splines, Dj has eigenvalues of
order 1/K, Ej is of rank K− 1 and all its positive eigenvalues
are of order 1/K (de Boor, 1993, 2001; Huang, Horowitz, and
Wei, 2010).

Proof of Theorem 1. Let b0 = (bT
01, . . . , b

T
0p )T be a pK di-

mensional vector that satisfies ‖f0j − bT
0j Bj ‖ = O(K−d ), 1 �

j � p1 and f0j = bT
0j Bj , j > p1. By the definition of b̂, we have

0 � nQ(b̂) − nQ(b0)

= ||Y − Zb̂||2 − ||Y − Zb0||2

+ n
∑

j

pλ 1

(√
b̂T

j Dj b̂j

)
− n

∑
j

pλ 1

(√
bT

0j Dj b0j

)
+ n
∑

j

pλ 2

(√
b̂T

j Ej b̂j

)
− n

∑
j

pλ 2

(√
bT

0j Ej b0j

)
� ||Y − Zb̂||2 − ||Y − Zb0||2

−Cn(λ1 + λ2)
∑

j

||b̂j − b0j ||/
√

K

= 2(Y − Zb0)T Z(b0 − b̂) + ||Z(b0 − b̂)||2

−Cn(λ1 + λ2)
∑

j

||b̂j − b0j ||/
√

K, (A1)

where in the second inequality above we used |pλ (|s|)− pλ (|t|)|
� λ|s− t|.

Let η = PZ(Y − Zb0), where PZ = Z(ZT Z)−1ZT , be the
projection of Y − Zb0 onto the columns of Z, we will show
that

||η||2 = Op (K + n/K2d ). (A2)

In fact, if we denote ri =
∑p1

j=1f0j (Xij ) and r =
(r1, . . . , rn )T , we have Y − Zb0 = ε + (r − Zb0) and ||η||2 �
2||PZε||2 + 2||r− Zb0||2. By the approximation property
of splines, ||r− Zb0||2 = Op (n/K2d ). Also, E||PZε||2 =
E(εT PZε) = σ2tr(PZ) = O(K) and (A2) is proved by an ap-
plication of Markov inequality.

Based on this and using the Cauchy–Schwartz inequality,
(A1) can be continued as

0 � −|Op (K + n/K2d )| − 1
2
||Z(b0 − b̂)||2 + ||Z(b0 − b̂)||2

−Cn(λ1 + λ2)
∑

j

||b̂j − b0j ||/
√

K. (A3)

Using now Lemma A.1 in Wang et al. (2008), which im-
plies that ||Z(b0 − b̂)||2 ∼ n/K ||b0 − b̂||2, together with
the Cauchy–Schwartz inequality n(λ1 + λ2)

∑
j
||b̂j −

b0j ||/
√

K � (CKn/4)(λ1 + λ2)2/K + (n/CK)||b0 − b̂||2
with a sufficiently large C > 0, (A3) gives ||b̂ − b0||2 =
Op (K2/n + 1/K2d−1 + (λ1 + λ2)2K).

The above convergence rate can be further improved to
||b̂ − b0||2 = Op (K2/n + 1/K2d−1) as follows. First note that
because the model is fixed as n → ∞, we can find a constant
C > 0 such that bT

0j Dj b0j > C when j � s and bT
0j Ej b0j > C

when j � p1. Because ||b̂ − b0||2 = op (K) by the conver-
gence rates proved above and that λ1, λ2 = o(1), we have

P (pλ 1 (
√

bT
0j Dj b0j ) = pλ 1 (

√
b̂T

j Dj b̂j )) → 1 if j � s. Similarly

P
(
pλ 2

(√
bT

0j Ej b0j

)
= pλ 2

(√
b̂T

j Ej b̂j

))
→ 1 if j � p1.

These facts imply that

n

p∑
j=1

pλ 1

(√
b̂T

j Dj b̂j

)
− n

p∑
j=1

pλ 1

(√
bT

0j Dj b0j

)
� 0,

and

n

p∑
j=1

pλ 2

(√
b̂T

j Ej b̂j

)
− n

p∑
j=1

pλ 2

(√
bT

0j Ej b0j

)
� 0,

with probability tending to 1. Removing the regularizing
terms in (A1) and using the same reasoning as before, the
rates are improved to ||b̂ − b0||2 = Op (K2/n + 1/K2d−1).

The rates of convergence for ||b̂j − b0j ||2 immediately imply
the rates for ||f̂j − f0j || by the property (de Boor, 2001)

C1K
∥∥b̂T

j Bj − bT
0j Bj

∥∥2 � ||b̂j − b0j ||2

� C2K
∥∥b̂T

j Bj − bT
0j Bj

∥∥2
,

for some constants C1, C2 > 0.

Proof of Theorem 2. We only show part (b) as an illustra-
tion and part (a) is similar. Suppose for some p1 < j � s, b̂T

j Bj
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does not represent a linear function. Define b̂∗ to be same as
b̂ except that b̂j is replaced by its projection onto the sub-
space {bj : bT

j Bj represents a linear function}. By definition
of b̂ and b̂∗ we have

0 � nQ(b̂) − nQ(b̂∗)

= ||Y − Zb̂||2 − ||Y − Zb̂∗||2

+ npλ 1

(√
b̂T

j Dj b̂j

)
− npλ 1

(√
b̂∗T

j Dj b̂∗
j

)
+ npλ 2

(√
b̂T

j Ej b̂j

)
− npλ 2

(√
b̂∗T

j Ej b̂∗
j

)
.

As in the proof of Theorem 1, because ‖b̂j − b0j ‖2 =

op (K), we have
√

b̂T
j Dj b̂j � aλ with probability approaching

1, which implies P (pλ 1 (
√

b̂T
j Dj b̂j ) � pλ 1 (

√
b̂∗T

j Dj b̂∗
j )) → 1,

and thus (because b̂∗T
j Ej b̂∗

j = 0)

0 � ||Y − Zb̂||2 − ||Y − Zb̂∗||2 + npλ 2

(√
b̂T

j Ej b̂j

)
= −2(Y − Zb̂∗)Z(b̂ − b̂∗) + ||Z(b̂ − b̂∗)||2

+ npλ 2

(√
b̂T

j Ej b̂j

)
� −2||PZ(Y − Zb̂∗)|| · ||Z(b̂ − b̂∗)||

+ npλ 2

(√
b̂T

j Ej b̂j

)
. (A4)

We have the bound

||PZ(Y − Zb̂∗)||2

� 2||PZ(Y − Zb0)||2 + 2||Z(b̂∗ − b0)||2

= Op (K + n/K2d ) + (n/K)Op (K2/n + 1/K2d−1)

= Op (K + n/K2d ), (A5)

using (A2) and that ||b̂∗ − b0|| � ||b̂ − b0|| (this is be-
cause b̂∗

j is the projection of b̂j to the subspace {bj :
bT

j Bj represents a linear function}, and b0j is inside this sub-
space, thus we have ||b̂∗

j − b0j || � ||b̂j − b0j ||).
On the other hand, because

√
b̂T

j Ej b̂j =√
(b̂j − b0j )T Ej (b̂j − b0j ) = Op ((K/n)1/2 + K−d ) = o(λ2)

by Theorem 1, we have

pλ 2 (
√

b̂T
j Ej b̂j ) = λ2

√
b̂T

j Ej b̂j , with probability tending to 1,

(A6)

by the definition of the SCAD penalty function. Noting that

||b̂ − b̂∗|| = ||b̂j − b̂∗
j || ∼

√
Kb̂T

j Ej b̂j and combining (A4)–

(A6), we have a contradiction if b̂T
j Ej b̂j > 0.

Proof of Theorem 3. We note that because of Theorem 2,
we only need to consider a correctly specified PLAM with-
out regularization terms. This reduces the problem to the one
studied in Li (2000) and the results there directly apply, show-
ing the asymptotic normality of the slope parameter.




